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Abstract

In [2] our direct theorem we see that , when we approximate an
increasing function  finLp[-11] , we wish sometimes that the
approximating polynomials be increasing also. However, this constraint,
restricts very much the degree of approximation, that the polynomials
can achieve, namely ; only the rate of 3.

In[3] Kopotun, Leviatan and Prymak proved that relaxing the
monotonicity requirement in intervals of measure zero near the end
points allows the polynomials to achieve the rate of 3.

On the other hand we show in this paper, that even when we relax
the requirement of monotinicity of the polynomials on sets of measure
approach zero, ¢4 is not reachable .
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1. Introduction and Main result
Let feLp,0<p<1 be increasing function on I=[-11]in [2] we
proved that there exists an increasing polynomials such that

"f_pn Lo(1) < C(P)a)f(f,%j . (1.1)

Where C(p) is an absolute constant depending on p , and @(f;0) denote

the Ditzain Totik modulus of smoothness of order two of fand (! is the
secand order Ditizin_Totik modulus of smoothness of f defined by

of 1 ) 1
(), sl )

0<h<d

,6>0,[1]

In [4] Devore proved thatif feC[-1,1] be non decreasing on 7 =[-11]
there exist non decreasing polynomials such that

1
1=l < Ca)z(f,;jp- (1.2)

However , even this improvement comes to ahalt; it can not be extended
to wg ; and thus not to g, for any K> 3.
In order to state our theorem we need some notation .
Given ¢ >0 and a increasing function feLp,0<p<1 ,We denote
Egzl)(f’g)p = inf ”f_ pn”L (I)
P, nANT) P
Where the infimum is taken over all polynomials p, of degree not

exceeding n satisfying

meas ({x p' ()2 O}m I)Z 2-¢

Then our main result in this paper is :

Theorem I: for each sequence £ ={¢,}_; , of non negative numbers

tending to Zero , and each 0<p <1, there exists an increasing function
f=f< €L,(I) such that

Eil)(f 3&)
Lim swp—7—<"= (1.3)
n—w Z(;f>’1j

2. A counter example (proof of theorem I)

In this article we have used C as an absolute constant which may
differ on different occurrences , in this paper we will have to keep track
of the constants , there fore we denote them by C;, C;, ...... .» We begin
by recalling some simple properties of the Chebyshev polynomials for

the interval [-2, 2], for v > 1 let t,(x)= cosvcos‘lg,x e[-2,2].



Denote to the Chebyshev polynomial and let Zzj = 2cosi£ ,j=0,...
A%

its extrema , In fact :

((x)= cos[vcos_l gj
T e e

? ‘@

t! (x)z 0

Vv

% sin(v cos™ f) =0
2

sin(v cos” ij =0
2

Given 0<b< % we take two points on both sides of 7, j=1,

namely ,we set

Z,, = 2COS(MJ and Z,, = 2008((j—b)7rj’
v

v

,v , be



, (Zj,zl= t, (Zj,,]zcosnb.
and
AT 2005[ﬂ—b—ﬂj—200s(£+b—ﬂj
i ’ v o Y
_ 4sin 2% sin 25
v v

Then since sinu<u, u €[0,7], so that
b
Z, =2 <4n— (2.1)

We truncate the Chebyshev polynomial by setting
cos b t,(x)>cos b

t; (x)=t., (x)=1-cos b t,(x)< —cos b
t,(x) ow

since 1—cosb=2sin’ b2—ﬂ< 5b* (2.2)

For any xe/,it follows by the monotonicity of the areas as we go away
from the origin , and the alternation in sign of these areas ,that

Now since|0, x]c[Z H 1 ,ZH ]c] =[-11]
Then

ZH 3
< J‘(tV ()-1, (u))du < 47[35172 =c b (2.4)

i) '

j (tv ()-1, (u))du




Where we applied (2.1)

3

Now , given n>1 and 0<b<%,let v=[bj}+2, where [a]

denotes the largest integer not exceeding a .put
t,,=t,+cosnb,and t; = t,,+cosmh.
Finally

X

It u)du and fn,,() J.;b(u)du o xel

0

let x, <x,
nb xl jt du < jt fn,b (x2)‘
Obv1ously f,, is a increasing function on I and it readily by (2.4) that
1
P
”fn,b v b” p= .[tv b (u)du jtv b (u)du du
Now
x ~
Fus = Toal =il ()10 )i
X *
= f(tz;,b (u)+cosmb—t, ,(u)—cos nb)du
0
x *
=165 ()=t ()i
9
b Cyb° p> . b4
<Cq —31—_C1 3 —C1—
b |+2 b4
And
Sos—Ts i3 J.Clﬁ du
-1 n
sclﬁ[jduj T<cor
n\° n
Then



e

1 3 1

,<C 20 —=C 2" b

1
<C 27—
n

(2.5)

||f;1,b - Tv,b

Where we denote by ||, the quas - norm taken on the interval |, and

when the norm is on J . We suppress the subscript,

A G T
If we set 7, =2cos e ,and 7, =2cos e
Then we have for all j for which Z;e I
. b
. (J_zj” jn
Zj,,,—ZJ,:Zcos f —20057
=2cos(ﬂ— ﬂ] 2 os]—
v 2v %
=2cos i &) -2 os(ﬂr _bz b—ﬂj
v 4y v % v 4y
-4) -4)
=2¢c0s 4 _bn 2cos 4 +bﬂ
% 4y % 4y
. b T
. / 4 . br
=4sin| ~—%— |sin—
% 4y
Then since (sinbz/4 > 3b/4)for b satisfying
br/d<n/6 if0<b<l and sinuzgu, ue[O,z}
2 T 2
-3)
- J_Z 4 br
-/ . =4sin~—"2 gin—
AN v 4y
2 (j_i)” 3b 6[j_ijb b
>45 == >— (2.6)
T v 4 % %



And

j+k T
7 2

Zi=Zj ] =2Cc0s——2cos
’ v v

U)o I )

J_

v v 4v 4o
( ) vy
=2cos —2cos —4+b—ﬂ

v 4v

)

]+Z7r
=4sin sin—

v 4v

(]-I—bjﬂ: 6(]+)b

542 4) 3b 4) |Jb (4.2.6/)
T v 4 v v

Let j be odd and since sinbz/4>3b/4
For b satistying b7 /4<n/6,we have

T, ,(x)=ty p (x)<—cosbr / 2+ cosbr ,x € [2]‘,1 /2j,r:‘.

For example

~ 2COS(]7T+Z7T)
i,‘v’b(x):tv(x)+cos7rlﬂﬁzfv(zj~,lj+cos7rb:cosvcos_1 ; 97 tcosnb
(]7[ bﬂj
=C0SV| —+ — |+ cosmb
v 20
(. bﬂj
=cos| jr +7 + cosmb

br
=—COS7+COS7Tb

And

—cosmb/2+cosmb=—sinbx /4sin3br /4



In fact,

—cosnb / 2+ cosnb=— cos(b—ﬂ—%—ﬂj+ cos(b—ﬂ+3b—ﬂj
4 4 4 4
br . 3bn

=—2sin—sin——
4 4

3b 3b  9b? ~  ~
<_2_ — = ,X€ Z]',l/Zj,r

4 2 4
Then
T, (x):t‘,’b (x)é—cos br/2+cosbr=—-2sinbr /4sin3bn /4
3b 3b 9p? - -
232 42,2, e
Then since 7 c[-2,2],it follows by the Bernstein inequality
' cn
Pn LP[72,2]S 5 ”pi’l“ Lp[—2,2] that
NES
2
c, v?
4 3 2 3
Tv(yb) pl-22]~ gb) Lyplag)= /) 1p[-22] 23 ] o227 =C5 v,
1_(1j 2
2
In fact
H bHLp —2,2] ItG)(M)duJ —”t b“Lp 2,2]
Lp[-2,2]
~ [ )| ppamr=Ca V2 1 .
-2,2] 2 { . ZJ 3 'O p[-2,2]
1-(3)
2
c,V?3
= 2 B Hth Lp[-2,2]
[-G))
2
1
3 P
Hence by (2.5) B Cp,V i ( ? cosvrenst X| " dxj
G
1-(3)
2
1
<CyV34P
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1 1
wé‘f (ﬁz,b ’;} 4 = (l):f (fn,b _Tv,h + Tv,h 9;) »

1 1
S wz)[fn,b_Tv,b ’;j » +w:tp(Tv,b 9;) »

C
S(:'(p) fn,b _Tv,b p+ I’ff) Tv(,élt) P
9
b+ C(p
SC(p)— (P4)V
n n
é 3
9 Hb“n}&}
b4
:C(p)7+c(p)n—4
3 3
9 (b“ nJ
b4
<C(p)—+C(p)—
n n
9 L
b* b*
=C(p)>—+C(p)"—
n n
9 9
b+ b*
=C(p)—+C(p)—
n n
9 9
b* b*
=C(p)—=C,(p)=, (23)
n n

Next we need a simple lemma

Lemma (2.9) there exists a constant C4 such that
For any interval J c/,We have the following .

For any measurable sets Ec1,if

P (x)20,xeJ\E, (2.10)
Then
2 ? :
belJ| Ca4| . s b 4
- > - == +blE|+— | 2.11
an,b anLP(I) n n b | | " ( )

Proof : let J, denote the middle third of ] . We consider two cases . First
we assume that J, contains at most one of the 7z’ s.Then by the
definition of v we get



l7]<C; Tee,t™ (2.12)
v n

n n

Then by (2.11) we have

5
b*|J 4
| |—C5b—2, (2.13)
n n
On the other hand , if J, contains at least two extremes of Z, , then it

fn,b P, ip(J) 20>
contains at least 2C,v|J| extrema , for some constant C; ,these extremes

satisfy (4.2.6) and (4.2.6/ ) and about half of them (and at least one ) have
odd indices , then together with (4.2.6) we conclude that

meas [JO {x:T‘,’,,, (x)<—9sz212bC6vJ—CbbJ , (2.14)
4 2 v
Now ,if C¢b|J|<|E|,then
2
J|  bE
Hf »— D 20>b—||—ﬂ, (2.15)
n, n Lp(” n n C6

Other wise , C;b|J|>|E|.
Then by (4.2.14) there is a point x, €], \ E, for which

2
Tv,,b (xo )<_%
Hence, (4.2. 10) yields ,
9b? , , . 2 n
TS_Tv,b (xo )<pn (xo )_Tv,b (xo )S_l—Z Pn— Tv,b Lp(J)
e 1 _m
3
2 n
T n _Tv,b Lp(])

_Illﬁ

Where we used the Bernstein inequality
Therefore from (4.2.6)

10



9b* 2n
4 = 1)2 v, Lp(l)zz—\/i pn_Tv,b Lp(J)
-(3) ==

V2 9> _
an g P el
3J2 b*|]|
4 n < pn_Tv,b Lp())
Now
b?|]] 32 b?|)|
n = 4 n Spn_Tv,b Lp(])
S|P, = fun () T fu _TV,b” Lp())
9
b4
< Pn_fn,b Lp(])+C1(p)7‘
Then
2| 2
b |J b4
fn,b —Pa Lp(J)ZT|_C](p)7’ (216)

Taking C, :max{C5 ’CL

6

,C, (p)},(Z.l 1) now follows by combining

(2.13),(2.15)and (2.16) %

We are now in a position to define f_=f, for a given sequence ~_ e, ).
2
2 1])5
Let b, =| maxs¢,; ,—¢ | ,and set dy=1 and
n
bn 4 ;
n 4 J bn. 4
d=——d, = —,j=1,
J n,' Jj-1 g n, J

Where the sequence {n,} is defined by induction as follows .First ,we

1

choose n, so large that b:f% (as needed in (2.18) below ) and J, =I.

suppose that {nl S e, ,na_l} and

Jo-2CS )53 S e cJp,022, have been defined

Then put

F..= 2”’/‘1 Ly >Duys

And lét J., beaninterval such that j < j  and
F'. . (x)=0.xe] | (2.17)

11



Let J,_ be such that

AESS @15
And let
N..= ”FG; .. (2.19)

o-1

Finally ,we take
n, >max{ o5 Nigs Nog }

So big that the function f’ ;= Oscillates a few times inside the interval

(/,.,) and since it vanishes on some interval in each
Oscillation , that is , inside J,_; , there exists an interval |, < J,_1 as
required in (2.17)
Now denote
D, = Zdj—l nj 7bnj
j=o

Where the convergence of the series is justified by the definition of the
d;'s and

ob, (”)d”‘

o]l
“ff

|

[

SZIduSZ du=
0

t, (u)+cos 7| du

O —_—

Now
ol 151s,) <84 (2.20)
P
"(DG” Lp(J,) = =1 J nj 2 bnj
j= Lp(J,)
<28up| Y d i/ on,y
Jj=c
In fact <2sup Y \d il £, o1
j=o
9/4
b 9/4 b 9/4 b
<la |14 0 ol %)
ncy no‘ nU+1

12



So we define
f=fz= Zldj—lfnjfbnj
j=

And we prove
Lemma(2.21) For each o >1 we have

a)f(f,nij <C,(p)d. (2.22)
Proof : First , by (2.20)
1
”Z(%“'n—j <Cy(Pfoanin<CaloMs  (229)
°o/p

At the same time , (4.2.8) yields

1 bn
wi’f(do—lfna by, —j <dy;_1C4—*=Cado (2.24)
Ny 0 ns
Finally
1 1
Q)Z[Fawn] = C4(p)a)(2p[Fgl,nJ
a/p o /p
(o)) )
< 5
B : Fo——l Lp(Jy)
(2)
|F 1
-C Lp(Jy) . -1/10 ” 9/4
s(p) d_ g ng2/5 I o

1 ,1 9/4
Toow 1
= CS(p)NQ‘O- no— [I’l 2/5 bl’l J da

g ) 9/4
<Cp)n, n, [nz/sbn] d,

9/4

by 7 (2.25)
=Cs (p)da

By virtue of (2.19) and the definition of d,, .4, and »,_ .

no?

1 1 1 1
coi'[f,—] Sa)‘i’[@m,—J +w‘i’[d(,_1 - ,—j +a)f(1:0_1,—]

n n d n n

°/p o /p 3 S /p °/p

< C3(p)d0' + C4d6 + CS (p)dcr



Now Then Lemma (2.21) follows by combining (2.23) , (2.24) and (2.25) &
The last Lemma that we need is

Lemma (2.26) There is an absolute constant C7such that whenever
E c I1is a measurable set satisfying

E|<e,,, (2.27)
And p, is a polynomial satisfying
p' (x)=0xel\E, (2.28)
Then
Hf = Pu, Lp(I\E) = (b;:/g -G )d" ’ (2'29)
Proof : by (2.14) we have F_ isconstanton jJ , we may write
SW)=dyy 1, o, (4@, @)+ M x e, (2:30)
Let 0, = dl (p,, —Mm)
Then it follows from (2.28)
Q' (x)20,x& Jo 1 \E
Thus by virtue of Lemma (2.9)
02 o1l cyf (o2 b

> Mo % 7 4 —no_

HQno—fﬂG Jbng, HLP(]G—l) . " ( b no+ bnG|E|J + 7

The definition of », and (2.17)

17/8 ‘J 1‘ 17/8
2 _ o—
by Voal=bug | 75 |20n

o (o)
bng
On the other hand , (2.24) and the definition
5/4

Of b, imply Eng S bng
and

Y

b, |E[<b, &, <b,

2/5
Since b, Z(LJ

n

o2

o

Then

14



5/4
b, 15/4 9/4
= Sbi’lG <leG
nU

Hence (2.28) implies

9/4
1 (17/8 9/4 bnG -1/8
[ P, B 2 i = 3Cubg | = 2% by =3Ca | other
words .

pn M d neg 7b

ng

Lp(Jo-1) on,

-1/8
i)
In view of (2.30) , follows from (2.20) that
Hf_p”crHL Hf ’O”GH p”a _M_do'*lfna’bna

> [(fal,f— (3C, + 8)}10 J

And Lemma (2.26) is proved with C; =3C4 +8
The proof of (.1.3) now follows from Lemmas (2.21)and(2.26) since

Lp(J5-1) Lp(Joq) [0 HLP(IG—l)

Egll)(flgn)p Eg/llc;(flgnc )p Hf_ pnO’ HLp
Lim Sup—12 lim sup—— 2> lim Ssup——
n—»>o0 w? f il Mg —>®© ® i Mg —>00 Cz(p)d(7

4 ’n CO4 f/n
p o /p
> Li p-1/8_C, |=

ngTwcz(P)( WG )
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